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Abstract 



In this paper, we establish sharp two-sided estimates for the transition densities of relativistic 
stable processes (or equivalently, for the heat kernels of the operators m ~ {m?/°' — A)"/^) in 
C^'^ open sets. The estimates are uniform in m G (0, M] for each fixed M > 0. Letting m | 0, 
the estimates given in this paper recover the Dirichlet heat kernel estimates for — (— A)"/^ in 
p ^ I C^'^-open sets obtained in [5]. Sharp two-sided estimates are also obtained for Green functions 

^ ' of relativistic stable processes in half-space-like C^'^ open sets and bounded C^'^ open sets. 
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^ ; 1 Introduction 

Throughout this paper we assume that d > 1 and a G (0, 2). For any m > 0, a relativistic a-stable 
X : process X- on R"' with weight m is a Levy process with characteristic function given by 

E [exp (ie • (Xr - X^))] = exp (-t ((j^p + m^/")"^' - m)) , ^ G M'^. (1.1) 

X*^, which will be denoted by X, is simply a (rotationally) symmetric a-stable process on M'^. 
The infinitesimal generator of X™ is m — (m^/" — A)"/^. When a = 1, the infinitesimal generator 
reduces to the free relativistic Hamiltonian m — V— A -|- m^. Here the kinetic energy of a relativistic 
particle is V— A -|- — m, instead of —A for a nonrelativistic particle. The reason to subtract the 
constant m in the free Hamiltonian is to ensure that its spectrum is [0, oo) (see [6]). There exists a 
huge literature on the properties of relativistic Hamiltonians (see, for example, [6l [20 l [2 ^ [29 l [30]). 
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Various fine properties of relativistic a-stable processes have been studied recently in [121 IISl 123 
[251 [261 [23 EH- 

The objective of this paper is to estabhsh sharp two-sided estimates on the transition density 
p^{t, X, y) of the subprocess of in any C^'^ open set D C W^. p^{t, x, y) is also the heat kernel 
of the restriction of m — ivn?/'^ — A)"/^ in D with zero exterior condition. A precise definition of 
C^'^ open set will be given in Section [2l Along the way, we also obtain sharp two-sided estimates 
on the transition density p"^{t,x,y) of in bounded time intervals; see Theorem 13.61 below. 

The main result of this paper is Theorem 11.11 below. The open set D below is not necessarily 
bounded or connected. In this paper, we use ":=" as a way of definition. For a, 6 G M, a A 5 := 
min{a, b} and aW b := max{a, b}. 

Theorem 1.1 Let M > be a constant, D a C^'^ open set in M.'^ and 6d{x) the distance between 
x and D^. 

(i) For any T > 0, there exist Ci = Ci{a, M, D,T) > 1 and C2 = C2{a, M, D,T) > 1 such that 

for any m £ (0, M] and {t, x, y) G (0, T] x x D, 

where (j){r) = e-^(l + Ad+a-i)/2y 

(ii) Suppose in addition that D is bounded. For any T > 0, there exist C3 = C-s{a,M,D,T) > 
and C4, = Cii{a, M, D,T) > such that for any m G (0, M] and (t, x, y) G [T, 00) x D x D, 

C73e-*Ar"-°5^(^)«/2 5^(y)a/2 < p'g(^t,x,y) < C^e-'^'i"^-'' 5D{xr'^ 5D{yr'\ 

where ^"'"^'^ > is the smallest eigenvalue of the restriction of {rr?l°^ — A)"/^ — m in D with 
zero exterior condition. 

Remark 1.2 (i) Note that the estimates in Theorem 11.11 are uniform in m G (0, M]. When 
m I 0, m — (m^/'^ — A)"/^ converges to the fractional Laplacian A"/^ := — (— A)"^/^ in the 
distributional sense and it is easy to check that converges weakly to X in the Skorokhod 
space D([0, 00), M"^). It follows from [16\ Theorm 1.1] together with the uniform Holder 
continuity result of |1H Theorem 4.14] that p'^l^{t,x,y) converges pointwisely to poit, x,y), 
the transition density function of the subprocess X^ of X in D, and that, if D is bounded, 
limm|o '^i = -^I'^i the smallest eigenvalue of (— A)"/^ in D with zero exterior condition. 
So letting ?n | in Theorem 11.11 recovers the sharp two-sided estimates of pD{t,x,y) for C^'^ 
open set D, which were obtained recently in [9]. 

(ii) When D is bounded, the functions (^{m^^^lx — y\/C2) and (j){C2m^^'^\x — y\) are bounded 
between two positive constants independent of m G (0, M]. Thus it follows from Theorem 
11.1( 1) above and Theorem l.l(i) of that, for each T > 0, the heat kernel p^{t,x,y) is 
uniformly comparable to the heat kernel pD{t,x,y) on (0, T] x D x D when D is a bounded 
C^'^ open set. However when D is unbounded, these two are not comparable. 
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(iii) In fact, the upper bound estimates in both Theorem 11.11 and Theorem 11.31 below hold for 
any open set D satisfying (a weak version of) the uniform exterior ball condition in place of 
the C^'^ condition, while the lower bound estimates in both Theorem 11.11 and Theorem 11.31 
below hold for any open set D satisfying the uniform interior ball condition in place of the 
C^'^ condition. (See the paragraph before Theorem 13.81 and the beginning of Section U] for 
the definitions of uniform exterior and interior ball conditions respectively.) 

Although two-sided estimates on transition densities of jump processes in M'^ have been studied 
by several authors in the last several years, (see [71 [El \TT\ [T2] and the references therein), due 
to the complication near the boundary, sharp two-sided estimates on transition densities of jump 
processes in open sets have only been studied very recently in [9l [10] by the authors and in [17] 
by Chen and Tokle for symmetric stable processes and censored stable processes. See [1] for some 
recent development of heat kernel estimates for symmetric stable processes in general open sets. 

This paper is a natural continuation of our previous work [9l[T0]. We point out that, although 
this paper adopts the main strategy from [9], there are many new difficulties and diff'erences between 
obtaining estimates on transition densities of relativistic stable processes in open sets and those of 
symmetric stable processes and censored stable processes in open sets studied [9l[T0]. For example, 
unlike symmetric stable processes and censored stable processes, relativistic stable processes do not 
have the stable-scaling property, which is one of the main ingredients used in the approaches of 
[9l[l0]. As in [9l[l0], the Levy system of X"*, which describes how the process jumps (see (12. Sp ). 
is the basic tool used throughout our argument as X™ moves by "pure jumps". But the Levy 
density of does not have a simple form and has exponential decay at infinity as opposed to the 
polynomial decay of the Levy density of symmetric stable processes. Moreover, in this paper we 
aim at obtaining sharp estimates that are uniform in m G (0, M]; that is, the comparing constants 
in Theorem 11.11 are independent of m G (0, M]. This requires very careful and detailed estimates 
throughout our proofs. Furthermore, unlike symmetric stable processes considered in [9], sharp 
lower bound on transition densities of relativistic stable processes in R"^ was not available. Thus 
we need to first establish sharp two-sided estimates on the transition densities of relativistic stable 
processes in R*^ in bounded time intervals, which is done in Theorem 13.61 These estimates are 
sharper than the ones established earlier in [12] for more general jump processes with exponentially 
decaying jump kernels. 

We overcome the above mentioned difficulties by using estimates on transition densities of 
symmetric stable processes in bounded open sets, Meyer's construction (see [H Remarks 3.4 and 
3.5]), the uniform estimates on exit times in Theorem 12. 61 the uniform parabolic Harnack inequality 
in Theorem 12.71 and the uniform comparison between Green functions of X"^ and X in small balls 
(see Theorem 12. 5p . In particular, this uniform comparability between Green functions is used in 
several places to get the boundary decay rate of p^{t,x,y). Our approach uses a combination of 
probabilistic and analytic techniques, but it is mainly probabilistic. 

When D is a bounded C^'^ open set, integrating the estimates on p]^{t, x, y) from Theorem ll.il 
over t yields sharp two-sided sharp estimates on the Green function G'J^{x,y) := p'^{t,x,y)dt. 



3 



To state this result, we define a function on D x D by 



1 A 



log 1 + 



\x - 

\x - y\ 



\x-y 



a—d 



when d > a, 
when d = 1 = a, 
when d = 1 < a. 



\x - y\ 



Theorem 1.3 Let M > be a constant and D a bounded C^'^-open set in W^. Then there exist 
positive constants C5 < Cq depending only on D,a,AI such that for every m G (0, M] and {x,y) € 
D X D, 

C5Vgix,y) < G^ix,y) < C^VS{x,y). 

The proof of Theorem 11.31 is the same as that of [H Corollary 1.2]. Theorem 11.31 extends the 
Green function estimates obtained in |151 [26l [3T] in the sense that the case d = 1 is allowed. 
Theorem 11.31 improves the Green function estimates obtained in [15^ [22} [31] in the sense that our 
estimates are uniform in m G (0, M]. 

Following |17j , we say an open set D in is half-space-like if there is an orthonormal coordinate 
system y = (yi, • • • , yd) for so that Ha C D C Hi, for some real numbers a > b. Here for a G M, 
Ha '■= {{yi, - ■ ■ , yd) G M'^ : yrf > a}. Although we do not yet have large time heat kernel estimates 
when D is unbounded, by using the short time heat kernel estimates in Theorem ILlT i). the two- 
sided Green function estimates on the upper half space from [23] and a comparison idea from |17j . 
we are able to obtain sharp two-sided estimates on the Green function when D is a half- 

space-like C^'^ open set. To state our result, we define a function V^'™" on D x D as follows: when 
d> 3, 



VS'"'ix,y) := 



when d 



I ^ &D{x)SD(y) 



a/2 



\x-y 



\a—d 



n I \X — V 

when Ix — y| > 3m~^/°, 
when |x — y| < 3m~^/"; 



2-d 



yD"'ix,y) :-- 



m 



{2-a)/a In ( 1 + 



I ^ SD{x)So{y) 



\x~y\'^ 

when |x — y| > 3m~^/", 
\x - + m(2-°)/« ln(l + m^/'^{6D{x) A doiy))) 

when |x — y| < 3m~^/"; 



a/2 
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when d = 1 < a, 



when d = 1 = a, 



p—m^^°'\x—y\ 

A 6d{x) a 6D{y)r/' + m(2-")/-(5^(x) A doiy)) 
+m(2-")/(2") {Sd{x) a 5z)(y))"/2 when \x - y\ > 3m"i/", 

\x y\ 

when |x — y| < 3m~^/"; 



^—m\x—y\ 

7T7^{m~^ A 6d{x) a <5D(y))^/^ + m{6D{x) A ^^(y)) 

|x — y\ ' 

+771^/2 ^ (^D(y)^/^ when \x-y\> Sm"^/", 

when |x — y| < 3m~^^°'; 



log 1 + 



\x - y\ 



and when d = 1 > a, 



m 



1 A 



+ m(2-«)/"(5^(x)AJz5(y)) 



|x — V |rE — y| 

+m(2-°)/(2") (^^(a;) A <5z)(2/))°/^ when |x - y| > 3771-^/" 

|X - f 1 A M^)"'' + 777(-")/"(5Mx) A 

when |x — y| < Sth,"^/". 



Theorem 1.4 Zei A/ > &e a constant and D a half- space-like C^'^ open set in . Then there 
exist Cy < Cg depending only on D,a and M such that for any m £ (0, M] and {x,y) € D x D, 

C-rK"'{x,y) < G^ix,y) < CsK"'ix,y). 

Any half space satisfies the assumption of the theorem above. When D is the half space 
H := {x = (xi, . . . , Xfi) £ : Xd > 0}, the two-sided estimates on G\j were essentially obtained in 
[231 Theorems 2.13 and 3.2] for d = 1 and in [23\ Theorem 5.3] for d > 2. However there are some 
errors in the statement of |23^ Theorem 2.13] for the case of a < d = 1 and in the statement of [23^ 
Theorem 5.3] for the case of |x — y| < 3; see the proofs of Theorem 15.11 and 15.21 below for details, 
which corrects both errors in [23]. 

The rest of the paper is organized as follows. In Section [2] we recall some basic facts about X"^ 
and prove some preliminary uniform results on X"^, like uniform estimates on the Green function 
for small balls and annuli, uniform parabolic Harnack inequality, uniform Harnack principle 
and uniform boundary Harnack principle. The upper bound in Theorem II. iT i) is proved in Section 
[21 while the lower bound in Theorem ll.lf i) is proved in Section [H Theorem ll.lf ii) is also proved 
in Section [H Theorem 11.41 is proved in the last section. 
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In the remainder of this paper, we assume that m > 0. We will use capital letters Ci, C2, . . . 
to denote constants in the statements of results, and their labeling will be fixed. The lower case 
constants ci,C2,... will denote generic constants used in proofs, whose exact values are not im- 
portant and can change from one appearance to another. The labeling of the lower case constants 
starts anew in every proof. The dependence of the constant c on the dimension d will not be 
mentioned explicitly. We will use d to denote a cemetery point and for every function /, we extend 
its definition to d by setting f{d) = 0. We will use dx to denote the Lebesgue measure in R'^. For 
a Borel set A C W^, we also use |^| to denote its Lebesgue measure. 



2 Relativistic stable processes and preliminary uniform estimates 



The Levy measure of the relativistic a-stable process X™, defined in (jl.ip . has a density 



J™(x)=r(|x|): = 



a 



2r(l-f; ,0 



-d/2 



e e 



(2.1) 



which is continuous and radially decreasing on M'^ \ {0} (see |3H Lemma 2]). Here and in the rest 
of this paper T is the Gamma function defined by r(A) := t^~^e~^dt for every A > 0. Put 
J^{x,y) ■= fWx-y\). Let A{d,-a) := a2''-^TT-'^/^r{^^)r{l - Using change of variables 

twice, first with u = \x\'^v then with v = 1/s, we get 



J'"(x,y) =A{d, -Q)|2;-y|-'^-Xmi/"|x-y|) 



where 



^(r) := 2-('^+") r 



d + a\~^ f°° 



s '2 e 4 s ds, 



(2.2) 
(2.3) 

(2.4) 



which is a decreasing smooth function of satisfying ip{r) < 1 and 

for some ci > 1 (see [I5i pp. 276-277] for details). We denote the Levy density of X by 

J{x, y) := J\x, y) = A{d, -a)\x - 
The Levy density gives rise to a Levy system for X'^, which describes the jumps of the process 



^m. £qj. non- negative measurable function / on 
(with respect to the filtration of X"^), 



X M"-, x £ R and stopping time T 



f{s,X^_,X'^)l^x^_^xs 



s<T 



f{s,XT,y)J'^{XT,y)dy]ds 



(2.5) 



(See, for example, \\.\\ Proof of Lemma 4.7] and [T2l Appendix A]). 
For r G (0, 00), we define 



e(r) := 



when d + a > 2^ 
when d = 1 > a, 
ln(i) when d = \ = a. 



(2.6) 
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Lemma 2.1 There exists Cg = Cg{d, a) > such that for all r E (0, 1), 

l-^(r) <C9e(r). 



Proof. Note that 



r 



s—-^e-i{l-e--)ds< ^^ds < ci/+", (2.7) 

Jo 



and, by the mean- value theorem, 



^e~4(l - e"~)(is < / s~ ^e~ids<C2£,{r). (2i 

„,2 ./,-2 

Since 

we arrive at the conclusion of this lemma by combining (|2.7p - ()2.8p . □ 

The next two inequalities, which can be seen easily from (j2.4p . will be used several times in this 
paper. For any a > and M > 0, there exist positive constants Cio and Cn depending on a and 
M such that for any m £ (0, M], 

< Cior(2r), VrG(0,a) (2.9) 

and 

i'"(r) < Cuj"'{r + a), Vr > a. (2.10) 

We will use p^{t, x, y) = p™'(t, x — y) to denote the transition density of X"^ and use p{t, x, y) 
to denote the transition density of X. It is well known that (cf. 

p(t,x,y) X f A ^-r^) on (0, cxd) x M'^ x M"'. (2.11) 

\ \x — y\ J 

Here for two non-negative functions f,g, f ^ g means that there is a positive constant cq > 1 so 
that Cq^ f < g < Co/ on their common domain of definitions. It is also known that 

/■OO I |2 

p\t,x) = e* / {ATru)-'^/^e-^ e-''ea,{t,u)du, (2.12) 



where 9a{t,u) is the transition density of an ^-stable subordinator with the Laplace transform 
e*^"^'. It follows from [Ml (2.5.17)-(2.5.18)] and [H Theorem 2.1] that 

6a{t, u) < ctu~^~°'/'^ for every t > 0, u > 0, 

thus by (|2.ip and (|2.12p . there exists L = L{a) > such that 

p^{t,x,y) < Lte*J^{x,y) for aU {t,x,y) G (0, c3o) x M'^ x M"^. (2.13) 
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Prom (jl.ip . one can easily see that X™ has the following scaling property: 

p"\t,x,y) = m'^/''p\mt,m^/''x,m^/''y), (2.14) 

i.e, 

{m~i/"(X^^4 - X^), t > 0} has the same distribution as that of {X^ - X"^ ,t > 0}. (2.15) 
Thus it follows from ([2T3]) and ([2Ji]) that 

p"(t, x,y) < Lt e"'* J"(2;, y) {t, x, y) G (0, oo) x E'^ x (2.16) 
and it follows from |3H Lemma 3] that there exists M2 = M2{a) > such that 

f^{t,x,y) < M2(m^/'^-'^/2^-'^/2^^-d/a)^ (2.17) 

For any open set D, we use to denote the first exit time from D for X"^, i.e., = inf{t > : 
X^' ^ D] and let td be the first exit time from D for X. We define X™'-^ by ^^'•■^(u;) = X["(w) if 
t < T^{u>) and X^'^{u!) =dift> t^^uj). We define X^ similarly. X"^'^ is called the subprocess 
of X^ killed upon exiting D (or, the killed relativistic stable process in D with weight m), and X^ 
is called the killed symmetric a-stable process in D. 

It is known (see [T^]) that X"^'^ has a continuous transition density p'^{t,x,y) with respect to 
the Lebesgue measure. We will use G]^{x,y) := p'^{t,x,y)dt to denote the Green function of 
We use p£i{t,x,y) and GD{x,y) to denote the transition density and the Green function of 
X^ respectively. 

p]^{t,x,y) also has the following scaling property: 

p'Bit, X, y) = m^lyl^/^^imt, m^'^x, m^'^y). (2.18) 
Thus the Green function G^{x,y) of X"^'^ satisfies 

GS(x, y) = m('^-")/"G^i/,^(mi/°x, m^'^'y) for every x,y e D. (2.19) 

Let 

Jm{x, y) := J(x, y) - J'"(x, y) = A{d, -a)\x - y|-'^-"(l - V'(mi/"|x - y\)). 

Then 

/ Jmix,y)dy = m for ah x G M^. (2.20) 

(See |31t Lemma 2].) Thus can be constructed from X by reducing jumps via Meyer's con- 
struction; see [H Remarks 3.4 and 3.5]. By (3.18) of [U Lemma 3.6], we have 

PD{t,x,y) < e"''pD{t,x,y), for every (t, x, y) G (0, 00) x D x L». (2.21) 

Lemma 2.2 Suppose that S = (0, 2) C M and a > 1. Define 

fix,y) = '-^^^, yx,yeB. (2.22) 
\x — y\ 
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(i) If f{x,w) > 4, there exists C12 = Cuio) > such that 



GB{x,y)GB{z,w 



Gb{x,w] 

(ii) There exists C13 = Ci3(a) > such that 

GB{x,y)GB{y,z) 
Gb{x,z) 

Proof. Note that (see ^ p. 187]) 



< C13 for every x,y, z G B. 



\x-y\<5B{x)^5B{y) if/(x,y)>4, (2.23) 

5B{x)^8B{y)>\{5B{x)y5B{y)) iif{x,y)>A, (2.24) 

^\x-y\>5B{x)y 5B{y) iif{x,y)<A. (2.25) 
We know from [9l Corollary 1.2] that 

n ( (K ( \K ( \\(°~i)/2 A ^BixT^^SBiyT^^ .^„„. 
GB{x,y) ^ [5B[x)5B[y)) A \^~^\ " ^ ' 

So when f{x,w) > 4, we have by (|2.26p that 

GBix,y)GB{z,w) ci ((ji ( t ^^("-i)/2 . M^1!^!M^^^ 

G.(x,-) - i5Bix)5BH)i'^-^y^ [{^Bix)5Biy)) A ^-^ j 

x((.M.)^b(.0)^-^^/^aM£)^!M^ (2.27) 

If f{x,w) > 4, f{x,y) > 4 and f{z,w) > 4, we have 



GB{x,y)GBiz,w) 



<C2(5B(y)5B(z))("-^)/^ 



GB(x,ti;) 

If /(x, w) > 4, /(x, y) < 4 and /(z, w) > 4, we have by (^TIT^i that 

GB(x,y)Gg(z,zz;) ^ ^^(x)V2^^(^)«/2j^(^)(a-i)/2 
Gb(3;,'uj) ~ 

= cs{f{x,y))y'6Biyr-'y'6Biz)^''-'y' 
< 2c,6B{yr~'y'6B{z)^''"'y\ 

Similarly, if f{x,w) > 4, f{x,y) > 4 and f{z,w) < 4, 

GB(^y)GB(.,u;) ^ ,,5^(,)(«~i)/25^(y)(.-i)/2_ 

If f{x, w) > 4, f{x, y) < 4 and /(z, w) < 4, then 

GB(x,|/)Gi?(z,u;) ^ c5^^M^^^^^5B(y)"/25B(^)"/' 
Gb{x^w) \x — y\ \z — w\ 

= C5(/(x,y))l/2(/(^,^,))l/25^(y)(a-l)/2^^(^)(a-l)/2 
< 4c55B(?/)(°-l)/2^B(^){a-l)/2^ 



The proof of (i) is now finished. 

Now we prove (ii). It follows from (i) we have 

GB{x,y)GB{y,z) 

— ^ < C6 if fix, z) > 4. (2.28) 

By symmetry we may assume f{x,y) > f{y,z) and consider the following cases separately: If 
f{x,z) < 4 and > f{y,z) > 4, then by Sb{x)6b{z) > ^{SBix)dB{y) V SB{y)5B{z)). 

This together with |x — z| < 2{\x — y| V |y — z\) implies that Gb{x,z) > C7{GB{x,y) A GBiy,z)) 
and so 

GBix,y)GBiy,z) ^ „i f \\ 

^ < C7 {GB{x,y)V GB{y,z}). 

Gb[x, z) 

If f{x, z) < 4 and f{x, y) > 4 > /(y, z), by m^-^M 

GB{x,y)GB{y,z) ^ ^BiyT'"^ \x - z\ 

Gb{x,z) ^ -^GB{x,y)j-^,j^^ 



< cgGB{x,y)(l + 



Sb{x) J V \y - z\ 

x-y\' 



\y - z\ 



< cgGB{x,y) (1 + <cgGB{x,y)( 1 + 3^^ ^' 



\y-z\J \ \y-z\ 

If fix, z) < 4, fix, y) < 4 and /(y, z) < 4, then by and (l2:26]l 

GBix,y)GBiy,z) 6Biyr\x - z\ ^ f SBivT , ^siyT 

GBix,z) ^ ^-F^^^^^-l^ + F^ 

Therefore, by combining with (j2.28p . we have 

GBix,y)GBiy,z) 



GBix,z) 



< cii, for all x,y,z £ B. 



□ 



Lemma 2.3 Suppose that = (0, 2) C M and a = 1. Let / be as in (|2.22|) and define Fix,y) :- 
log(l + /(x,y)V2). 

(i) If fix, w) > 4, there exists C14 > such that 

GBix,y)GBiz,w) 



GBix,w) 

(ii) There exists C15 > such that 

GBix,y)GBiy,z) 



< CuFix, y)Fiz, w), y,z£B. 



^ , . <Ci5(l+F(x,y)+F(y,z)) x,y,z£B. 
Gb[x,z) 
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Proof, (i) is an immediate consequence of [9l Corollary 1.2]. Using [9l Corollary 1.2], (ii) can be 
proved by following the argument of the proof of 1181 Theorem 6.24]. We omit the details. □ 



For r £ (0, 1], we define 

o-(r) 



r^-"-'^ when d + a>2, 



1 when d = 1 > a, 

ln(l/r) when d = 1 = a. 

The following result will be used to prove Theorem 12.51 

Lemma 2.4 (i) If B is a ball of radius 1 in R.'^, then, 

f GB{x,w)a{\w - z\)Gb{z,w) 
sup / — — dwaz < oo. 

x,y€B,x^yJBxB GB[X,y) 

(a) If d >2 and U is an annulus of inner radius 1 and outer radius 3/2 in M'^, then 
sup [ GuMcri\w -z\)Gu{z,w) ^^^^ ^ ^_ 

Proof. We only present the proof of (i). The proof of (ii) is similar to the proof of (i) for the case 
d > a. We prove (i) by dealing with two separate cases. 

Case 1: d > a. In this case, by repeating the argument in |14^ Example 2], we know that there 
exists ci = ci(d, a) > such that 

GB{x,w)a{\w - z\)GBiz,w) ( 1 1 

< C4 a + 



GB{x,y) ~ \\z - y\''--°'/'^\w - z\''-+'^-P \x - w\''--°'/'^\w - z\'^+°'-(^ 



1 1 

+ 



1 



+ 



\x — w\'^~^l'^\z — y\'^~°^l'^\w — \x — w\'^~°'l'^\z — y\'^~'^\w — z\'^°'~^ 

where (3 = 2 when d > 2 and P = 1 + a when d = 1 > a. The conclusion now follows immediately. 

Case 2: d = 1 < a. In this case, it follows from the first part of the proof of Proposition 3.17 
in [22] that 



sup / GB{x,w)a{\w -z\)GB{z,y) ^^^^ ^ 

x,y&B,x^yJ(x,y)<AJ BxB Gb{x, y) 

where the / is the function defined in (|2.22|) . The inequality 

f GB{x,w)a{\w - z\)GB{z,y) 
sup / -— r dwdz < oo 

x,y&B,x^yJ{x,y)>iJ BxB GB{X,y) 

follows easily from Lemmas I2.2H2.31 □ 

The following result will be used later in this paper. Note that this result does not follow from 
the main result in [22], since the constants in the following results are uniform in m G (0, oo) and 
r G (0,i?o"i~^/"]- 
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Theorem 2.5 There exist positive constants Rq and Cig > 1 depending only on d and a such that 
for any m E (0, oo), any ball B of radius r < RQm~^/°^ , 

C^iGB{x,y) < G'Bix^y) < Ci(,GB{x,y), x,y e B. 

Moreover, in the case d > 2, there exists a constant Cn = Cn{d,a) > 1 such that for any 
m G (0, oo), r E (0, Rom~^^°'] and any annulus U of inner radius r and outer radius 3r/2, 

C7f/G[/(x,y) < G^{x,y) < CijGu{x,y), x,yeU. 

Proof. We only present the proof for balls, the case of annuli is similar. By [9j, Gb{x, y) x V^{x, y). 
Hence by (|2.19p . we only need to prove the theorem for m = 1. In this proof we will use Br to 
denote the ball B{0,r). 
Put 

F{x,y) := - 1 = V(k - y\) - 1, x,yG M'^. 

Then it follows from (I2.ip - (l2.3p that there exists ci = ci{d, a) > such that for any m G (0, co) and 
r G (0, oo), infx^yizBr F{x, y) > ci — 1. It fohows from Lemma \2A\ that there exists C2 = C2{d, a) > 
such that for any r G (0, oo) and x,y G Bi, 

\F{rx, ry)\ + \ ln(l + F{rx, ry))\ + (e^l Hi+F(rx,ry))\ _ < C2e(r|x - y\). (2.29) 

Put 

QBr{x):= Ji{x,y)dy = A{d, -a) \x - yl'^^-'^il - ip^x - y\))dy, x e Br. 

Then it follows from |151 Section 3] that 

G],^ (x, y) = Gsr (x, y)n [K''^ (t^J] for every x,y e Br 

where 



K^^{t) := exp ( V ln(l + F(Xf_^ )) - /* / , y) J(Xf , y)dyds + /* qsM. 

n^„^. Jo JBr Jo 



)ds) 



0<s<t 

Using the scaling property of G^^, we get 



sup / OB,.(.,.y"-^^'"--»l-l)GB,(..^),^,^ 

x,yGBr,x^yJBrXBr GBr[X,y)\w - z\'i+°' 

sup / -— r-j rr- dwaz, (2.30) 

x,yeBi,x^yJBixBi G b{x , y)\w - z\'^+'^ 



x,yeBr,xj^yJBrXBr GBr{x,y)\w - z\'i+°' 

f GBAx^w)\Firw,rz))\GBArz,rw) 
sup / dwdz (2.31) 

x,yeB^,x^yJBixBi GB^{x,y)\w - Z 
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and 

sup / — r qB^{w)dw = r ■ sup / — r qBrirw)dw. 

x,yeBr,x^y J Br ^Br[X,y) x,y&Bi,x^y J Bi '^Bi[X,y) 

(2.32) 

Using ([2:29]) - ([23T]) and Lemma [231 we have for r G (0, 1] 



x,y&Br,x^y J BrXBr GBr {X, y)\w - 2:|'^+° 



sup / ^»rV->-^yv- ^ _ _ll^l^illi:iLdwdz < csr 

,„ - . . , jJb,.> 

and 



GB A^M\F{w,z))\G Br {z, w) 

x,yeBr,x^yJBrXBr GBr{x,y)\w - z\ 



Je 



sup / — „,M„,. rJd^ '^'^dz < csr. 



By applying (|2.20p . the 3G inequality (Lemma I2.2f ii) and Lemma l2.3( ii) for d = 1) and (j2.32p . we 
also have 

GBrix,w)GBr{w,y) 



sup / ^— ^ — — ■ — qBr{w)dw < C3r°. 

X,y£Br,Xyty JBr ^Br[X,y) 

Now choose i?o > small enough so that for r < Rq 

sup / GB.(x,z.)(e^l - 1)GbA^,^) ^^^.^^ < 1 

x,y£Br,x^yJBrXBr GBr{x,y)\w - z\'^+°' 2' 

f GbAx,w)\F{w,z))\GbAz,w) 1 
sup / — — -. r-i TT- dwdz < - 

x,yeBr,x^yJBrXBr GBAx,y)\w - z\'^+°' 8 

and 

f GBAx,w)GBr{w,y) 1 

sup / — ^ dw < -. 

x,y&Br,x^y JBr ^Br\X,y) O 

Using the three displays above, we can follow the argument in |14^ Proposition 2.3] to conclude 
that for all r < Rq, 

sup E^.[Jf«'-(rBj] <23/4. 

x,y£Br,Xyty 

Now the upper bound on follows immediately. The lower bound on is an easy consequence 
of Jensen's inequality, see [141 Remark 2] for details. □ 

In the remainder of this paper, Rq will always stand for the constant in Theorem 12.51 

Later in this paper, we will also need the following exit time estimate and parabolic Harnack 

inequality that are uniform in m G (0,M]. These results are extensions of Proposition 4.9 and 

Theorem 4.12 of [12], respectively. 

Theorem 2.6 For any M > 0, R > 0, A > and < B < 1, there exists 7 = 'y{A,B,M,R) £ 
(0, 1/2) such that for every m G (0, M], r G (0, R] and x G M*^, 



X yB{x,Ar) 



< 7r" <B. 
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Proof. Let Y"^ be a symmetric pure jump process on M'^ with jump kernel given by 



j"'i\x-y\) if|x-y|<l, 
if|2;-y|>l. 



Note that J^{x,y) > J"'{x,y). In view of (l23I)-(l23D and (l2:20|) . there are constants q = 
Ci{M, d,a) > 0,i = 1, 2, such that 

^"^ < J^ {x, y) < for every m G (0, M] and x,y£R'^ (2.33) 



\x - 2/1'^+" ~ " ^ ^ ^ ~ \x - y\'^+" 
and 

sup J^{x) < M for every m G (0, M] and x, y G M'', (2.34) 

where J^{x) := J^^ (J™(x,y) — J^{x,y))dy. In view of (j2.33p . it follows from [TTl Proposition 
4.1] that for each M > 0, R > 0, A > and < B < 1, there is 7 = -f{A,B,M,R) G (0, 1) such 
that for every m G (0, M], r G (0, ii] and x G M'^, 

where r^^™ is the first time the process Y"^ exits the set B{x, Ar). On the other hand, in 
view of (|2.34p . can be obtained from y™ by adding new jumps according to the jump kernel 
jQ^{x,y) — J'^{x,y) through Meyer's construction (see [H Remarks 3.4]). Hence we have for every 
m G (0, M], r G (0, R] and x G M."^, 



< Fx y'B{x Ar) < 1"^^ and there is no new jumps added to Y^ by time 7r'^ 
+ Pa' (there is at least one new jump added to y™" by time 7r") 

< B/2+(l- e-T"'" ll'^o'-IU) <B/2 + [l- e'^^" < ^' 

where the last inequality is achieved by decreasing the value of 7 if necessary. □ 



We now introduce the space-time process Z^p- := iVs-.X'^), where Vg = + s. The filtration 
generated by Z"* satisfying the usual condition will be denoted as {J^s'-, s > 0}. The law of the 
space-time process s ^ starting from {t,x) will be denoted as p(*'^). 

We say that a non-negative Borel function h{t, x) on [0, 00) x is parabolic with respect to the 
process X™ in a relatively open subset D of [0, 00) x if for every relatively compact open subset 
Di of D, h{t,x) = E(*'^') [/i(Z"^(r^"))] for every (t,x) G Di, where = inf{s > : Zf i Di}. 
For each r, t > 0, we define Q{t,x,r) := [t,t + ^ r'^] x B{x,r). 

Theorem 2.7 For any R > 0, and M > 0, there exists Cig > such that for every m G (0,M], 
< < 1, 2 G M"', r G (0,i?] and every non-negative function h on [0, 00) x that is hounded and 
parabolic on [0,7(2r)"] x B{z,2r) with respect to X"^, 

sup h{t,y)<Ci8 inf h{0,y). 



14 



Proof. Since ip is decreasing, we have for any \y\ > 2r, 

1 f il}{m}/'^\z — y\)dz 'il){m}/°'\y\) f dw ip{m^^°'\y\) 



r'^JB(o,r) \z-y\'i+" - J{H<r/\y\,\^-^-y/\y\\<i} - Wl^'^ ~ Ivl'^^" 



Thus there is a constant c > so that for every m > 0, 

c f rm,^ , „ / \^-y\ 

'B{x,r) 



J"^{x,y) < A / J'^{z,y)dz for every r < 
JbIx.v) 



The conclusion of the theorem now follows from [U Theorem 4.5]. □ 

Recall that an open set D in (when d > 2) is said to be a C^'^ open set if there exist a 
localization radius i? > and a constant Aq > such that for every z G dD, there is a C^'^-function 
(f) = : M'^-^ M satisfying (/>(0) = V0(O) = 0, \\V(l)\\oo < Aq, |V(^(x) - V(/>(z)| < Ao|x - z|, 
and an ortlionormal coordinate system y = (yi, • • • , yd-i, yd) '■= {v, Ud) such that B{z, R) H D = 
B{z, R) n {y : yd > By a C^'^ open set in M we mean an open set which can be expressed as 

the union of disjoint intervals so that the minimum of the lengths of all these intervals is positive 
and the minimum of the distances between these intervals is positive. Note that a C^'^ open set 
can be unbounded and disconnected. It is well known that a C^'^ open set D satisfies both the 
uniform interior ball condition and the uniform exterior ball condition: there exists r^ < R such 
that for every x G D with 6q£){x) < tq and y G M'^ \ Z) with dgoiv) < rQ, there are Zx,Zy G dD 
so that |x — Zx\ = 6q£,{x), \y — Zy\ = 6Q£,{y) and that i?(xo,ro) C D and B{yo,rQ) C M.'^ \ D for 
xq = Zx + ro(x — Zx)/\x — Zx\ and yo = Zy + ro{y — Zy)/\y — Zy\. For simplicity, in this paper we 
call the pair (ro, Aq) the characteristics of the C^'^ open set D. Without loss of generality, we will 
assume that tq < Rq, the constant in Theorem 12. 5[ 

A real-valued function u defined on is said to be harmonic in an open set D C M"^ with 
respect to if for every open set B whose closure is a compact subset of D, 



u(X;?^.)| < oo and u{x) = u(X;^.) for every x G (2.35) 



A real-valued function u defined on M'' is said to be regular harmonic in an open set D <ZW^ with 
respect to X™ if 



E. 



u{X'^)\ < oo and u{x) = Ex u{XJ^) for every x £ D. 



Clearly, a regular harmonic function in D is harmonic in D. 

The following uniform Harnack principle is a consequence of Theorem 12.71 and the scaling 
property (j2.15p . 

Theorem 2.8 (Uniform Harnack principle) There exists a constant Cig = Cig{a,d) > such 
that for any m G (0, oo) and r G (0, 4m~-^/"], xq G M"^ and any function u which is nonnegative in 
and harmonic in B{xQ,r) with respect to X"^ we have 

u{x) < CiQu{y) for all x,y £ B{xo, r/2). 

The following uniform boundary Harnack principle will be needed in the proof of Theorem 11.41 
Note that this result is not a consequence of the boundary Harnack principle in [27], since the 
constant C below is uniform in m G (0, oo) and r G (0, Rom"^/"]. 
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Theorem 2.9 (Uniform boundary Harnack principle) Suppose M £ (0, oo) and that D is 
an open set in R'^, z £ dD, r G (0, iioAf"^/") and that B{A,Kr) C DnB{z,r). There exists 
C20 = C2o{d,a, K, M) > such that for every m G (0,M], and any functions u,v > on W^, 
positive regular harmonic for X"^ in D f] B{z, 2r) and vanishing on H B{z^ 2r), we have 

^20'-^ < -K ^ ^20-^, x£Dr\B{z,r). 
v[A) v{x) ^[A) 



Proof. By using (j2.ip - (j2.2|) and Theorem 12 .5^ we can easily get uniform estimates on the Poisson 
kernel 

JB{xo,r) 

of B{xq, r) with respect to X"^ for r G (0, RqM'^/"^]. In particular, for r <\z - xq\ < 2RoM~^/", 
■^B(xo r)(^' comparable to ii'^^^^ z), the Poisson kernel of B{xo,r) with respect to X for 
r G {0, RqA-I'^/"]. Then using the uniform estimates on K^f^^^ ^-^{x , z) and Theorem 12.51 we can 
easily see that \32\ Lemma 3.3] can be proved in the same way. Using the uniform estimates on the 
Poisson kernel of B{xo,r), (j2.ip - (j2.2p and Theorem 12.51 we can adapt the argument in [3l [271 [32] 
to get our uniform boundary Harnack principle. We omit the details. □ 



3 Upper bound estimate 

The goal of this section is to establish the sharp upper bound for p^{t,x,y). Before establishing 
such upper bound, we first give some preliminary lower bounds on p']^{t,x,y) and sharp two-sided 
estimates for x, y), which will be used later. 

Lemma 3.1 For any positive constants M, T, b and a, there exists C21 = C2i{a,b,M,a,T) > 
such that for any m G (0, M], 2; G M'^ and A G (0, T], 

|j;-z|<bAl/" 

Proof. By Theorem 12. 6| there exists e = e(6, a, M, T) > such that for any m G (0, M] and 

AG (o,r]. 

We may assume that e > a. Applying Theorem 12.71 at most 1 + [(a — e)(4/6)"] times, we get that 
there exists ci = ci(a, M, a,T) > such that for all m G (0, M], 

^i^'s(2/,feAi/c)('^-^>y>'»^) < ^'B{3/,feAi/c)(aA,y,i«) for w G B{y,bX^^" /2). 
Thus for any m G (0, M], 



> 



> ci p^, .^/^ j^Aa\y,w)dw > ci/2. 
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This proves the lemma. 



□ 



For the next four results, D is an arbitrary nonempty open set and we use the convention that 
5d{-) = oo when D = R'^. 

Proposition 3.2 Let M and T he positive constants. Suppose that (t, x, y) G {0,T] x D x D 
with Snix) > t^/"' > 2\x — y\^{m^^"\x — y\)~^^^^~^°'\ Then there exists a positive constant C22 = 
C22{M, a, T) such that for any m G (0, M], 

p'Bit,x,y) > C22t-"/°. (3.1) 

Proof. Let t < T and x,y e D with 6d{x) > t^/" > 2\x - y\Tp{m^/'^\x - By the 

uniform parabolic Harnack inequality (Theorem 12. 7|) . there exists ci = ci{a, M,T) > such that 
for any m G (0, M], 

p'B{t/2,x,w) < cip'g{t,x,y) for every w E 5(x,2t^/"/3). 
This together with Lemma |3. II yields that for any m £ (0, M], 

PDit,x,y) > I p'Bit/2,x,w)dw 

> C2r'^/" / ^,/„,2)(i/2,a;,«;)a!w; 

J B{x,t^/°'/2) ^ ' ' ' 

where a = Ci{T, a, M) > for i = 2, 3. □ 



Lemma 3.3 Let M and T he positive constants. Suppose that (t, x, y) G {0,T] x D x D with 
min{(5£)(x), doiy)} > t^^°^ and |x — > 2~°'tip{m^/°^\x — y\)°'^^'^^"\ Then there exists a constant 
C23 = C23(a, T, M) > such that for all m £ (0, M], 

P,(xr^GS(y, 2-4V")) > C23t''/-+'r\x,y). 

Proof. By Lemma l3.ll starting at z G B{y, 4~^t^/"), with probability at least ci = ci{a, M,T) > 
0, for any m S (0, M], the process X™ does not move more than Q~^t^/'^ by time t. Thus, it is 
sufficient to show that there exists a constant C2 = C2{a, M,T) > such that for any m £ (0, M], 
te (0,r] and {x,y) with jx-yl" > 2-'^t'tp{7n'^/°'\x - y\)'^/^'^'^'^\ 

(X"'^ hits the ball B{y, 4-1*^/") by time t) > C2 t'^/"+V"(x, y). (3.2) 

LetB^ := B{x, 6" ^("^^^'"^1/") V('^+°)ti/"), By := B{y, Q-^^[rn^/'^T^/'^)^/{d+a)^i/a^ and := 
r]^. It follows from Lemma |3. 11 there exists C3 = 03(0, M,T) > such that for all m G (0,M], 

Ex [t A T^] > t Px (r™ > t) > C3 t for t > 0. (3.3) 
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By the Levy system in (j2.5p . 

P:, (^X™'^ hits the ball B{y, i'^t^/") by time 
> Px(^tAr™ e 4-V(m^/"Ti/")i/('^+")ii/") and t A r^' is a jumping time ) 



> E, 



tAr" 



J™(X™,n)(inds 



By 



(3.4) 



where in the first inequality we used the fact that ^(r) < 1 for all r > 0. 
We consider two cases separately. 

(i) Suppose |x-y| < r^". Note that \x-y\> 2-iii/a^(mi/"TV")V{'^+«). Moreover, if s < 
and u G By, 

\Xr-u\ < \x-y\ + \x-X^\ + \y-u\<2\x-y\. 



Thus from (j3.4p . for any m G (0, M], 

(^X'"'-^ hits the ball B{y, 4"^*^/") by time 
> E,[tAr™] / r{2\x-y\)du > c^t\By\ r{2\x - y\) > C5 V^(2|x - yj) 

J By 

for some positive constants q = Ci(a, M, T), i = 4, 5. Here in the second inequality above, we used 
(jS.Sp . Therefore using ()2.9p . we see that the assertion of the lemma is valid for |x — i/| < 7"^/°. 
(ii) Suppose |x — y| > T^/"^. In this case, if s < and u G S^, 

\XT -u\ < \x-y\ + \x- XT\ + \u-y\ 
< \x-y\+ 3-V("^^/°ri/")i/('^+°)ti/" <\x-y\+ 3" V("i^^"T^/")^/^'^+°^t1/°. 

Thus from (j3.4p . for any m G (0, M], 

P^ (^X™'-^ hits the ball B{y, 4"^^^/") by time 

> E^[tAr™]y i™(|x-y| + 3-V("^^/"r^/")^/^'^+"^ri/") dn 

> C6 i J™ (\x -y\+ 3-V("i^/°r^/")^/^'^+"^T^/") 



> 



C7i 



for some positive constants Cj = Ci{a, M,T), i = 6,7. Here in the second inequality, (|3.3p is used. 
Since \x - y\ > T^/" > 3-'^^p{m^/°'T^/'^y/^'^+°''^T^/°' , using (pTOl) . we see that the assertion of the 
lemma is valid for |x — i/| > T^/°^, □ 



Proposition 3.4 Let M and T be positive constants. Suppose that (t, x, y) € {0,T] x D x D with 
min{(5z)(x), ^^(y)} > (^2)^''" and \x - y\'^ > 2-"-^ t^/;(m^/"|x - . Then there exists a 

constant C24 = C2a{oi, M, T) > such that for all m G (0, M], 

p^{t,x,y) > C2AtJ^{x,y). 
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Proof. By the semigroup property, Proposition 13.21 and Lemma 13.31 there exist positive constants 
ci = ci{a,T, M) and C2 = C2{a,T, M) such that for all m G (0, Af], 

p'Sit,x,y) = [ p^{t/2,x,z)p^it/2,z,y)dz 



D 



> / p^it/2,x,z)p^it/2,z,y)dz 

Ji?fe,2-i(t/2)V-) 

□ 



Combining Propositions l3.2l and l3.4t we have the following preliminary lower bound for x, y). 

Proposition 3.5 Let M and T be positive constants. Suppose that {t, x, y) £ {0,T] x D x D with 
min{(5£)(x), doiy)} ^ t^^". Then there exists a constant C25 = 6*25(0, M,r) > such that for all 
m G (0,M], 

p^{t,x,y) > C725 r''/"AtJ"(x,y)). 

Combining ()2.16p -( i2.17p with Proposition 13.51 we have the following sharp two-sided estimates 
for x,y). 

Theorem 3.6 Let M andT be positive constants. Then there exists a constant C2& = C2Q{a, M,T) > 
1 such that for all m £ (0, M], t £ (0, T] and x,y £ R"^, 

C26 (t-'^/"AtJ"^(x,y)) <p'^it,x,y) < C2, {t-"/'^ Mr\x,y)) . 



Lemma 3.7 Let M > be a constant and E = {x £ M.'^ : \x\ > ro}. For every T > 0, there is a 
constant C27 = C27{ro,Oi,M,T) > such that for any m £ (0,M], 

p'E{t,x,y) < C27VidE{xr^^n\x - y\/l6) for ro < \x\ < 5ro/4, \y\ > 2ro and t < T. 

Proof. Define U := [z £W^ : ro < \z\ < 3ro/2}. It is well-known (see, e.g., [M]) that XJ^ ^ dU . 
For ro < |x| < 5ro/4, \y\ > 2ro and t £ (0,T], it follows from the strong Markov property and (|2.5|) 
that 

p^(t,x,y) = E,. [p^it - T^,X^.,y) : rjy < t 

* I / p^{s, x,z)( [ J"^(z, w) p^{t - s, w, y)dw] dz] ds 

\JU \J{w:\w\>3ro/2} J J 

* I [ p'ffis, x,z)l [ J™(z, w)p'E{t - s, w, y)dw] dz] ds 

\JU \i{«>:(3ro/4)+(ly|/2)>|t«|>3ro/2} / / 

+ / ( / Puis,^,^) i [ J"'{z,w)p^it-s,w,y)dw] dz]ds. 

Jo \JU \J {w:\w\X3ro /4)+[\y\/2)} J J 

--: L + LL. 
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Since < p"^, we have 

I < f \ I Pu{s,x,z) I [ J'''{z,w)p"\t- s,w,y)dw] dz] ds. 

Jo \Ju \J{w:(3ro/4)+{||/|/2)>|to|>3ro/2} / / 

Since \w - y\ > \y\ - \w\ > ^ {\y\ - ^) > ^-^ > for \w\ < (3ro/4) + (|y|/2), by (|2T6]) we have 
for \w\ < (3ro/4) + {\y\/2) and < s < t < T, 

p'^it - s, w, y) < p'^it - s, x/16, y/l6) <Lte'^'^ J"*(x/16, y/16). 

Therefore 



I < Lte^''j'^{x/16,y/16)l^(^l^p'ff{s,x,z)(^l^ 



J"^{z, w)dw \ dz \ ds 

{u,:3|x-y|/4>|u,|>3ro/2} / / 



= Lt e'^T'ix/ 16, y/lQ)F,, (3ro/2 < \X^rn\ < 3|x - y|/4; r^' < t 
< LTe^'^nix - y|/16)P,. > 3ro/2) . 

By Theorem 12.51 

PJ|X-^| >3ro/2) = / [ G^{x,y)J^{y,z)dydz 



< Cie / Gu{x,y)J{y,z)dydz 

J{|2l>3ro/2} Ju 

= CieF,i\XrJ>3ro/2) 

< ci6^{x) = ci6%{x) 

for some positive constant ci = ci(M, ro,a). Thus we have 

I <C2te^'^6E{xr/^r{\x-y\/{16)), mE(0,M] (3.5) 

for some positive constant C2 = C2{ro,a, M). 

On the other hand, for z ^ U and it; G M*^ with > (3ro/4) + (|y|/2), we have 

I I ^ I I I I ^ 1 /^i I . \y\ ^ \x-y\ 

\z — w\ > \w\ — \z\ > - { \y\ > — > . 

I I - I I 11-2 2 J - 8 ~ 16 

Thus by the symmetry of p]}{t — s, w, y) in {w, y), we have that there exists C3 = C3(M, ro, a) > 
such that for any m G (0, M], 

II < f i [ Puis,x,z)\ f r\x/l6,y/16)p]^{t- s,y,w)dw\ dz] ds 

Jo \JU \J{w:\w\>i3ro/4)+{\y\/2)} J J 

< C3r{\x-y\/16) 1^ (^j^p^{s,x,z)dz^ ds. 
By ()2.2ip . there exists C4 = C4(a,T) > such that 

p^{s, X, z) < e^^pu{s, X, z) < C4e-^^^^^^ ("s"'^/" A " , s<T. 
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The last inequality above comes from [9l Theorem 1.1]. Thus 



\JU 



Plj{s, X, z)dz I ds 



\Jo ^{|z|<si/«} Jo J{\z\>s^/^} \zr^" J 

< C^SEixr^^Vt. 

This together with our estimate on / above completes the proof the lemma. □ 

In the remainder of this section we assume that D is an open set satisfying the following (weak 
version of) uniform exterior ball condition with radius tq > 0: for every z € dD and r £ (0,ro), 
there is a ball of radius r such that C R'^ \ D and dB^ D dD = {z}. 

Theorem 3.8 Let AI > be a constant and D an open set satisfying the uniform exterior hall con- 
dition with radius r^ < Rq. For every T > 0, there exists a positive constant C28 = C2%{T, rg, a, M) 
such that for any m G (0, M] and {t, x, y) G (0, T] x D x D, 



p'B{t,x,y) < C28 (1 A j (^t-'i/" A trU 



X- 2/1/16) . 



Proof. In view of (j2.16p - (|2.17p . it suffices to prove the theorem for x £ D with 5d{x) < to/4. By 
(p:2T]) and P Theorem 1.1], there exists ci = ci{a,T,D) > such that on 0,T] x D x D 



p^{t,x,y) < e-'pn{t,x,y) < c^e'^^^-E^^ t^'^/'^ a . '] . (3.6) 



For x,y £ D, let z £ dD so that |x — z| = 5d{x). Let Bz C D^ be the ball with radius ro so 
that dBz n dD = {z}. When d^ix) < ro/4 and |x — y| > 5ro, we have Ss'^^iv) > 2ro and so 
by Lemma 13.71 there is a constant C2 = C2{ro,T,M,a) > such that for any m G (0, M] and 
{t,x,y) e {0,T]xDxD, 

p'B{t,x,y) < p^^ ^^{t,x,y) < C2S^-^^^.ixr/^Vtri\x-y\/16) = C2 ^(x)"/^ V^j"^ (|x - y|/16). 

(3.7) 

Since there exist constants C3 and C4 depending only on M, a and tq such that 

< J^dx - 2/1/16) < %;n- for m £ (0, M] and \x - y\ < 5ro, 



combining p.6p - (l3.7p . we arrive at the conclusion of the theorem. □ 



Theorem 3.9 Let M and T he positive constants. Suppose that D is an open set satisfying 
the uniform exterior hall condition with radius rg < Rq. Then there exists a constant C29 = 
C29(r, ro, M, a) > such that for all m G (0, M], t G (0, T] and x,y £ D, 
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Proof. Fix T > and M > 0. By Theorem 13. 8| symmetry and the semigroup property, we get 
that for any m G (0,Af] and {t,x,y) G (0,r] x D x D, 

p^{t,x,y) = [ p'S{t/2,x,z)p^{t/2,z,y)dz 



D 



< c? I 1 A ^-^^^ I I 1 A 



D 



Vt J \ Vi J 

(t/2)"'^/"A (t/2)J™(x/16,z/16)) f(t/2)"'^/"A {t/2) J"" {z/ 16, y/ 16)) dz. 



D 



By a change of variable, 

'(t/2)-'^/" A (f/2)J"^(x/16,z/16)) ((t/2)~^/" A {t/2)J"'{z/l6,y/16))dz 

< (16)'^ J ^ ((t/2)^'^/" A (t/2) J^tx/ie, ii;)) ((t/2)-'^/" A (t/2) J'"(w;, y/16)) dw;. 

Thus by Theorem 13.61 and the semigroup property, there exists a positive constant C2 = C2(a, M, T) 
such that for any m G (0, M] and (t, x, y) € (0, T] x L) x I), 



< .3 1a'"<^'"''' 



lA^^^^f^J AtJ'"(2;/16,y/16)) . 



Vi J \ Vi ^ 

This completes the proof of the theorem. □ 



4 Lower bound estimate 

Throughout this section, the open set D is assumed to satisfy the uniform interior ball condition 
with radius tq > in the following sense: For every x £ D with (5£)(x) < tq, there is z^ G dD so 
that \x — Zx\ = 6d{x) and B{xq, tq) C D for xq := Zx + ro(x — — -^xl • 

The goal of this section is to prove the following lower bound for p^(t, x, y). 

Theorem 4.1 For any M > and T > there exists positive constant C30 = C3o(a, T, M, tq) 
such that for all m G (0, M], {t, x, y) G (0, T] x D x D, 

P'S{t,.,v) > C3„ (1 A 'S^'j (1 A 'Si^'j (r"/" A tr (I. - ,1)) . 

We will first establish Theorem 14. II for small T, that is, we will first assume that 

t<r„:=g)", (4.1) 
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Lemma 4.2 Let M > be a constant. Suppose that {t, x) £ (0, To] X D with 6d{x) < 3*1/" < ro/4 
and K G (0,1). Let Zx G dD he such that \zx — x\ = 5o{x) and let t[i{zx) = {x — Zx)/\zx — x\. 
Put xi = Zx + 3t^/'^n{zx) and B = 3*^/"). Suppose that xq is a point on the line segment 

connecting Zx and Zx + 6t^^"'n{zx) such that B{xQ,2K,t^/°^) C B \ {x}. Then for any a > 0, there 
exists a constant C31 = C^i{M, k, a, tq, a) > such that for all m G (0, M], 

Wx (X™ G i?(xo, Kt^'n) > C31 t-^'HDixT'^. (4.2) 

Proof. Let < ki < k and assume first that 2-^Kiti/" < 5d{x) < 3*^/". Repeating the proof of 
Lemma [3^ we get that, in this case, there exists a constant ci = ci{a, ki, M,ro,a) > such that 
for all m G (0, M] and t < Tq, 

P,(x-Gi?(xo,Kit^/°)) > cit'^/"+ij'"(x,xo). 

Using the fact that |x — xqI £ [2Kt^^", 6t^/°'], we have 

(^S G B{xo, Kit^/")) > C2 > for every m G (0, M], (4.3) 

where C2 = 02(0, ki, M, ro, a). By taking ki = k, this shows that (|4.2|) holds for all a > in the 
case when 2~^Kit^/°' < 5d{x) < 3*^/". 

So it suffices to consider the case that 5d{x) < 2-^Kt^l''. We now show that there is some 
flQ > 1 so that (j4.2p holds for every a > ao and 6d{x) < 2~^Kt^/°^. For simplicity, we assume 
without loss of generality that xq = and let B := 5(0, Kt^/'^). Let X2 = Zx + 4r^KTa.{zx)t^^'^ and 
B2 := 5 (a;2, 4-1^*1/"). Observe that since 5(0,2ft;tV°) cB\{x}, 

K/2ii/" < |y - z| < et^/" for y G ^2 and z G 5(0, Kt^/"). (4.4) 

By the strong Markov property of at the first exit time from B2 and Lemma 13. there 
exists C3 = 03(0, K, a, M, T) > such that for all m G (0, M], 

P,.(x™Gi?(0,Kti/")) 

> P:,. (t]?2 < at, X^rn^ G 5(0, 2-1^*1/") and |X™ - | < k/2 for s G [t^^,t^^ + at^/"]) 

> C3P:r (tb2 < at and X;| G 5(0, 2-^^*^/")) . (4.5) 

It follows from Theorem 12.51 and the explicit formula for the Poisson kernel of balls with respect 
to X that there exist C4 = 04(0, M) > and C5 = 05(0, M, k, tq) > such that for all m G (0, M], 

P, G 5(0,2-1^^*1/-)) > (^x.^^ e 5(0,2-1^*1/")) > C5 (^)"^' • (4-6) 

Applying Theorem 12.51 and the estimates for Gb (see, for instance, |13[ (1.4)]), we get that there 
exist cg = CQ{a, M) > and cj = 07(0, M, k, tq) > such that for all m G (0, M], 

Px(rF2 ^ "0 ^ (a*)"']E,.[T^J < C6(at)-iE,.[TB,] < a~^cj 
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Define qq = 207/(05). We have by (|4.5p - (|4.6p and the display above that for a > oq and m G (0, M], 

P,.TOeS)>C2 (p.(X;|. Gi?(0, 2-1^*1/-)) _p4r™> at)) >c2(c5/2) (^)"^'. (4.7) 

(|4.3p and (|4.7p show that (j4.2p holds for every a > ao and for every x & D with (5£)(a;) < 3t^^". 

Now we deal with the case < a < oq and 5d{x) < 2~^Kt^/". If (5i3(a;) < 3{at/ao)^^°^ , we have 
from (j4.2p for the case of a = ao that there exist cg = cs{n, a, M) > and cg = C9(k;, a, M, a) > 
such that for all m G (0, M], 

{xTt e 5(xo, K^i/")) > P,. G B(xo, K(at/ao)'/")) 

If 3(at/ao)^/° < 5d(2;) < 2~'^Kt^/°' (in this case k > 3 • 2^(0/00)^/"), we get (g^l) from (jM]) by 
taking ki = (a/ao)^^°. The proof of the lemma is now complete. □ 



Proposition 4.3 Let M > be a constant. Suppose that {t, x, y) G (0, Tq] x D x D with \x — y\ < 
and 5d{x) < 2t^^"'. Then there exists a constant C32 = C32(a, M, tq) > such that for all 
m £ {0,M], 

pT>{t,^,y) > c,2t-''^''~'5n{xr/HD{yr^'- (4.8) 

Proof. Note that under the assumptions of the Proposition, we have Soiv) < 1^; — ?/| + Sr){x) < 
St^/"^ < ro/5. So there are points Zx, Zy G dD and xq, yo G D such that doix) = \x — Zx\, 
doiy) = \y- Zy\, (9S(xo,4ti/") r\dD = {zx} and a5(yo,4tV") r\dD = {zy}. Observe that 

5d{xo) = 5D{yo) = 4t^/" and |x - xo|, \y - yo\ G [t^/",4tV"). 

By the semigroup property, with B := B{xo,4:~^t^^°^) and B := S(yo, 4~^t^/") 

p'B{t,x,y) = I p^it/3,x,z) [ p^{t/3,z,w)p^it/3,w,y)dwdz 
Jd Jd 

> [ p'B{t/3,x,z) [ p^{t/3,z,w)p'B{t/3,w,y)dwdz 
Jb J b 

> inf ^p'B{t/3,z,w) I p'Bit/3,x,z)dz fp"^{t/3,w,y)dw. 
{z,w)eBxB Jb Jb 

Since for z G -B and w £ B, 5d{z) > Sd{xo) — \xo — z\ > t^/", 6d{w) > Soiyo) — \yo — wl > 
t-^/", |z — < \z — xo\ + \xo — x\ + \x — y\ + \y — yo\ + \yo — w\ < lOt-^/", and |z — < 
t/)(mV"iOTi/") ''^("^^^"l'^ ~ ■u;|)t^/", by combining Proposition 13.21 and Proposition 13. 4L we have that 
there exists ci = ci(q, rg, M) > such that for all m G (0, M], 

inf __p"i^{t/3,z,w) > cit"'^/". 

{z,w)£BxB 
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Since doix) < 2t^/" < ro/8 and Soiv) < 3i^/", we have by Lemma [4.21 that there is a positive 
constant C2 = 02(0, M, vq) such that for ah m G (0, M], 

□ 



Proposition 4.4 Let M > be a constant. Suppose that {t,x,y) G (0,To] x D x D with 6d{x) < 
(t/2)^/° < Sniy) and \x — y\'^ > t-ip{m^^'^\x — Then there exists a constant C33 = 

C33(a, M, ro) > such that for all m E (0, M], 

p^{t,x,y) > Cs3t'/^6D{xr/'j^ix,y). (4.9) 

Proof. Since 6d{x) < (t/2)i/° < ro/16, there are Zx S dD and zq £ D such that (^z)(x) = |x — Za;] 
and5S(zo,2t^/°)n9L> = {z^}. Choose xq in 5(zo, 2V'(mV°Td/")V(d+a)^i/a) and k = K(a) G (0,1) 
such that 

B (xo, 2AiV(mi/"T(;/")i/('^+°)ti/") 

c 5 (zo, (2 - 2-2/")^(mi/«rJ/")i/(<i+")ti/"j n B (x, (1 - 2-i-2/")V;(mi/"rJ/°)i/('^+")ii/"] . 

Such a ball S(xo, 2K^/'(mi/"ro''°)i/('^+°)ti/") always exists because 2 < (2 - 2"^) + (1 - 2''^) < 
(2 -2-2/") + (1-2-1-2/"). 

We consider two cases separately. 

(i) Suppose |x — ?/| < T^^"'. Note that |x — y| > t^/'^'ijj{m^^°'TQ^'^)^^^'^~^°'\ Thus for every 
z e fi(xo,At^(mV°ro/")i/(rf+")ti/«), we have Sd{z) > (t/4)i/" and 

\y-z\>\y-x\-\z-x\> 2-i(t/4)i/"V'("^^/"7i/")i/('^+°) 
> 2-i(t/4)i/"V("i^/"7;}^")^/^'^+"^'0(m^/°|y - z|)i/('^+"). 

On the other hand, for every z G B{xq, Ktlj{m^/'^TQ^")^/^'^~^°'H^/°'), 

\z-y\ < \z-x\ + \x-y\ < (1 - 2-i-2/a)^(„^i/a2.V°)i/(d+a)^i/a ^ |^ _ ^| ^ 2|x-y|. 

Thus by the semigroup property, Proposition 13.21 and Proposition 13.41 there exist positive constants 
Ci = Ci{a, M, ro), i = 1, 2, 3, such that for all m G (0, M], 



p'Bit^x^y) = [ p^it/2,x,z)p'Bit/2,z,y)dz 
Jd 



> 



[ p^{t/2,x,z)p^{t/2,z,y)dz 

J B{xo,K,i){m^/'^Tl'°'Ynd+o.)t^/o.) 



> cit / p'^{t/2,x,z)J'^{z,y)dz 

J B{xo,K^im^/"T^^°'y/('i+'^)t^/'^) 



> C2tr{2\x-y\) / p^{t/2,x,z)dz 
= C3tr (2|x - y|) P,. G B{xo, ^^l;{m^/-T^/y/^'+"h'/^) 
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Applying Lemma 14.21 and (|2.9p . we arrive at the conclusion of the Proposition for |x — y| < T^^°^ . 
(ii) Suppose |x — y| > T^^"' . For every z G B{xo, Ki/j{m^^°'TQ^'^y^^'^~^°'H^^°'), we have 

\x-y\ < (l-2-l-2/a)^(^l/a^V")l/(d+a)j.V- + |y_^| < j^V" + |y_^|, 

Thus for every z G 5(xo, K'0(m^/"To/")i/(rf+")ti^)^ we have 6d{z) > (t/4)i/" and 

\y-z\>\y-x\-\z-x\> Tg/" - (1 - 2-^-2/")^(m^/"ro/")^/('^+")t^/" 
> 2-^(V4)i/"V("^^/%^^")^/^'^+°^ > 2-i(t/4)^/"V("^^/"k-y|^/")^/^'^+"^ 



> 



2-1(^4)^/°^ (mi/"rQ/" + mi/°|y-z|) > C42~i(t/4)^/"V' ("i^^^ly - -^l) 



for some C4 = C4(a,ro,M) > 0, where in the last inequality we used (j2.4p . On the other hand, for 
every z e B{xo, Kilj{m^/'^\x - y|)V('i+")tV")^ 

\z-y\ < \z-x\ + \x-y\ < {I- 2-^-2/°)V^(?ni/°ro/") V{'^+")iV" + \x - y\ 

< ro^/- + |x-y|. 

Thus by the semigroup property and Proposition l3.51 there exist positive constants Cj = Ci{a, M, ro), 
i = 5,6, 7, such that for all m G (0, M], 

p'E{t,x,y) > c^t [ p'B{t/2,x,z)J'^{z,y)dz 

> c^tn\x-y\+Tl''') f pT>{t/2,x,z)dz 

= crtrUx -y\+ To^/") P. e i?(xo, KV^(mV"ro^/") V{^+«)ii/")) . 

Applying Lemma 14.21 and (|2.10p . we arrive at the conclusion of the proposition for |x — ?/| > T^^". 
□ 



Proposition 4.5 Let M > be a constant. Suppose that (t, x, y) G (0, Tq] x D x D with 

max{6D{x), doiy)} < < \x - y|^(m^/"|x - y\)-^/^^+''\ 

Then there exists a constant C34 = (734(0, M, vq) > such that for all m G (0, M], 

p'B{t,x,y) > C:,Mxr'^5D{yr'^r\x,y). (4.10) 

Proof. As in the first paragraph of the proof of Proposition 14.31 choose z^ G dD and xq G -D so 
that \x - Zx\ = 6d{x) and 55(xo,3t^/") n dD = {z^}. Let k := 1 - 2"^". Note that for every 
z G B{xo, Kt^/"), we have 

6Diz) > 2{t/2)'/^ and \y - z\ > 5d{z) - doiy) > {t/2f/'^ > (V2)^/"^(mV"|y - 
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Thus, by the semigroup property and Proposition l4.4l there exists positive constant ci = ci(a, M, D) 
such that for all m £ (0, M], 



PDit,x,y) > I p'B{t/2,x,z)p'Bit/2,z,y)dz 



> ci / p^{t/2,x,z)t'/^ SD{yr/^J"'{z,y)dz. (4.11) 



If \x — y\ < Tg , for every z € B{xo, Kt^/°^) 

\z — y\ < |x — y| + l^o — 2;| + l^o — < \x — y\+At^^°^ 

o2+l/a 
22+l/a 

< (1 + T-i )\x-yl 

If |x — y| > Tq^", for every z G B{xq, nt^/'^) 

\z — y\ < \x — y\ + \xq — x| + \xo — z\ < \x — y\ + At^^" < \x — y\ + 4T^^" . 

Thus by (j2.9p . (|2.10p and Lemma 14.2^ we get from (j4.1ip that there exist positive constants Cj = 
Ci(a, M, D),i = 2,3, such that for ah m £ (0, M], 

P^{t,x,y) > C2t"^5D{yrl^J^{x,y) [ p^{t/2,x,z)dz 

= C2t^/^5D{yT'^J'^{x,y)¥,, [X^^f G B{x,,Kt^l^)) 
= c:,5D{xrlHD{yr'^J'^{x,y). 

□ 

Proof of Theorem 14.11 We first assume that t <Tq. Combining Propositions 13.2] and [57^1 we 
get the conclusion of Theorem 14.11 in the case 

max{5D(x),(5z?(y)} > > - y|V^(mi/"|x - . 

Using symmetry and Proposition 14.31 we the conclusion of Theorem 14.11 in the case 

max{(5z)(x),fe(y), \x - y\^l:{m^/''\x - < ^i/^. 

Now we consider the case \x — y\%l){rn}/'^\x — y\)~^/^'^^^'^ > t^^". Using symmetry and combining 
Propositions 14.41 and 14.51 we get the conclusion of Theorem 14.11 in the case mm{SD{x), doiy)} < 
{t/2)^^°^ and \x — y\ilj{m^^'^\x — > t^/". Proposition 13.41 covers the remaining case 

mm{6D{x),SD{y)} > (t/2)^/" and \x - y\Tp{m^/°'\x - y|)-V(rf+a) > tV". We have thus arrived at 
the conclusion of Theorem 14. II with C2 = 1 for t < Tq. 

Assume T = 2Tq. RecaU that Tq = (ro/16)". For {t, x, y) G (Tq, 2Tq] xDxD, let xq, yo e D he 
such that max{|a; — xo\, \y — yo\} < and mm{6Dixo), Soiyo)} > rQ/2. Note that, if |x — ?/| > 4ro, 
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then \x-y\- 2ro < \xo - yo\ < |x - y| + 2ro, so by (I2.iup. Cq ^J"^{xo,yo) < J'^ix, y) < cq J'"(xo, yo) 
for some constant c = c(M) > 1. Thus by considering the cases — ?/| > 4ro and |x — y| < 4ro, we 
have 

(i/2)-'^/" A ^ J'"(xo, yo) > ci (t-'^/" A tr^\x, y)) . (4.12) 
Similarly, there is a positive constant C2 such that 

(t/3)-'^/°A(t/3)J"^(x,z) > C2(^(t/(12))-'^/-A^J™(xo,z)), z G Z?, 

(t/3)-^/-A^J™(u;,y) > C2 ((t/(12))-'^/" A ^ J^K yo)) , w e D. (4.13) 

By (j4.12p and the lower bound estimate in Theorem 14. II for on (0, Tq] x D x D, we have 



p'Bit,x,y) = / p^{t/3,x,z)p^it/3,z,w)p^{t/3,w,y)dzdw 

JDxD 



> C3 



• pS(i/3, ^, w) ((t/3)-'^/" A ^ J-(u;, y)) (l A ^^^^ j '^^^^ 



-'^,{t/3,z,w) (V(12))"'^/° A -J™(u;,yo) 



Pii(t/3,z,w) [ [t/(rz)) A^^ 

for some positive constants Ci,i = 3,4. Let Di := {z & D : doiz) > ro/4}. Clearly, XQ,yQ G Di and 
min{5Bi(3;o),fei(yo)} > ro/4 = 4(ro)V" > 4(t/2)V". (4.14) 
By Theorem 13.61 and (|4.13p . we have 

1^^^ ((t/(12))-'^/" A ^J™(xo,z)) p'B{t/3,z,w) (^(t/(12))-'^/- A ±J-(u;,yo)) dzdw 



>C5 / p'"(t/(12),xo,2)pSi(i/3,^,u')p'"(t/(12),i«,2/o)d^dz/; 
>C5 / pSi(i/(12),a;o,^)pSi(*/3,^,w^)p'Di(*/(12),i«,yo)d^(iw^ 

JDixDi 

= C5pSi(i/2,xo,yo) > C6 (^(t/2)-'^/- A ^J™(xo,yo)) > cj (f-'"^ MJ^{x,y) 

for some positive constants Ci,i = 5, ■ ■ ■ ,7. Here Proposition 13.51 is used in the third inequality in 
view of (j4.14p . By repeating the argument above, we have proved Theorem 14.11 □ 

Proof of Theorem 11.11 Theorem ll.l( i) is a combination of Theorems 13.91 and 14.11 so we only 
need to prove Theorem 1 1.1 I f ii). 



28 



Since D is bounded, the functions (j){m^^"\x — y\/C2) and (j){C2m^^°'\x — y\) are bounded between 
two positive constants independent of m G (0, M]. Thus it fohows from Theorem ll.il (i) that there 
exist positive constants Cj = Ci{a, M, D) > 0, i = 1, 2, such that for ah m G (0, M], 

cipD{t,x,y) <p'B{t,x,y) < C2PD{t,x,y) on {0,Ti] x D x D, (4.15) 

where Ti = diam(Z))". Let {X'^'"^'^,k = 1,2. .. } be the eigenvalues of ((m^/" — A)"/^ — m)|£), 
arranged in increasing order and repeated according to multiplicity, and let {0^^'"'^, k = 1, 2, ... } 
be the corresponding eigenfunctions normahzed to have unit L^-norm on D. It is weh known that 
^a,m,D gij^ple and c/)™'"'^ can be chosen to be non-negative. It follows from [16] that the function 
m I— > A"'™"'^ is continuous on [0, Af], and thus it is bounded between two positive numbers on the 
interval [0, M]. Since 

(a^) = e 1 M PD{Ti,x,y)(j)^' {y)dy, 
Jd 

it follows from (j4.15p that there exist Cj = Ci{a, M, D) > 0, i = 3, 4, such that 

c^T'^^'^^ix) < c,T-"--'5D{xrl^ I 6D{yr/'c^T''''''{y)dy, (4.16) 

Jd 

^T'^^'^^ix) > cT-^/^-'SoixT/^ I 6D{yr/'<t>T''''''{y)dy. (4.17) 

Jd 

Using the Sobolev embedding theorem and the simplicity of A°'™'^, we conclude from Example 5.1 
of [16] that the first eigenfunction c/)"''"'^ is continuous in L'^{D;m) in m E [0,M]. Consequently, 

5DiyT^'^(lh"°''^iy)dy 



D 

is a continuous positive function of m G [0, M] and so it is bounded between two positive constants 
over the interval [0, M]. Thus by (j4. 16^ - 114. 17p . there exist positive constants Cj = Ci{a, M, D) > 0, 
i = 5,6, such that for every m G (0, M] and x £ D, 

c,S%/\x) < <'°'^(x) < ceS%/\x). (4.18) 



It follows from the paragraph after Theorem 2.1.1 in [19] that there exists a decreasing function 
g{t) of t 

PD{t, X, y) < git)4''''''ix) 0'i''"'^(2/) (t, x, y) g{0,oo)xDx D. 
Thus by (liT5D - (ITOD . we have for ah m G (0,M], 

p'Bit,x,y) < C7<7(tX'°'^(xX'°'^(y) (t,x,y) e (0,1] x D x D 

for some positive constant C7. Put 

m, X, y) := e'"^-'^'''' f^^^jl {t, X, y) G (0, 00) x x D. 

Then it follows from the arguments in [19^ Theorems 4.2.5 and 2.1.4] that there exists a decreasing 
function g[t) of t such that 

00 

\j^{t,x,y)-l\<~g\t/3)Y,e-^^^ ^'<f{t/2,yg\t/{2A))e~^^^ "^i 

k=l 
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Since the function m Ag'™'^ — A"'™'^ is continuous on [0, M] (see [16]) and positive, there exists 
cg = C8(M) > such that for all m £ (0, M], Ag''"' — A"'™' > cs- Consequently we have 

\PBit,x,y) - 1\ < fit/3)g\t/i2i))e-'^\ 

Thus there exists Ts = T2{M) > such that for ah m G (0,Af], \p]^{t,x,y) - 1| < | for t > Ta, 
that is, for all m £ (0, M] and t > T2, 

Therefore, by (j4.18p , we have for all m G (0, Af] and t > T2, 

If T < T2, then by Theorem ILlT i). there is a constant cg > 1 such that for all m G (0, M] 
cg 1 (^Z)(x)"/2 <5D(y)"/' < PD(t, X, y) < eg <5D(y)"/' for t G [T, Ts) and x,y £ D. 

This establishes Theorem 11.1( 11). □ 



5 Green function estimates 

In this section, we present the proof of Theorem II. 4[ 

Theorem 5.1 Let H := {{xi, • • • , Xd) G M'^ : x^ > 0} be the upper half space in M*^, d> 2. There 
exists C35 > 1 such that for all m > 0, 

Cs^'K^i^^y) < GUix.y) < Cs5K'"ix,y), x,y € H, 
where V^'"^ is defined preceding Theorem ] 1.4\ 



Proof. Since by H^Iim . 

G]}{x, y) = m('^-'^)/" G\i{m^/'^x, m^l'^y) for x,y £ H, (5.1) 

it suffices to consider m = 1. When m = 1, this theorem is essentially established as Theorem 5.3 
in [23]. However there is an error in the statement of [23^ Theorem 5.3] for the case \x — y\ < 3, 

/ N«/2 / \a/2 

where the terms ( j should be replaced by ( i^l^p j • The error in \23\ Theorem 5.3] 
stems from [S] Theorem 3.2], where the same error occurred in the estimate of the 1-resolvent of 
in upper half space. [S] Theorem 3.2] is a corollary of [5] Lemma 3.1]. A typo occurred in 
the display preceding the statement of [5l Theorem 3.2], which resulted in all these errors. That 
display should be 



"'+1-1 k-i/l^^ forP^<l. 

\x — y\^ / \x — y\ \x — y\'^ 
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6(x)6(y) 

Another typo occurred in [5l (21) and (22)1, where the term 6(x) A 5(y) A 1 should be — j- A 1. 

\x - y\ 

With these corrections, the desired Green function estimates can then be estabhshed as in [23^ 
Theorem 5.3]. □ 

In the next theorem, the notation / x g means that there are positive constants ci and C2 
depending only on a so that cig{x) < f{x) < C2g{x) in the common domain of definition for / and 

g- 

Theorem 5.2 Let H = (0,oo) C R. Then 
(i) For a > 1 and x,y > 0, 

^ ^^^(W^/" A X A y)"/2 + A y) + m(2-")/(2°) A y)"/^ 

\x — y 

when \x — y\ > m"^^'^ Ax Ay, 
(m-^/" A X A y)"-^ + m(2-")/"(x Ay)+ r7i{2-")/{2") (^^ ^ y)"/^ 

w/ien a > 1 and |x — y| < m~^/" Ax Ay, 

, , JTi^-*- A X A ?y\ , , i/n, ,1/9 
In ( 2 — ■ ^ I + m{x Ay)+ m^'^{x A yY'^ 



\x -y\ 



when a = 1 and \x — y\ <m A x A y. 



(ii) For < a < 1 and x,y > 0, 



G^{x,y)^{ 



^-l/2^-m^/^\x-y\ 
|^_y|l-W2) 



1 A 



xy 



ix-yr' ilA^ 
\x - y\ 



X -y\ 

a/2 



a/2 



+ m(2-°)/"(x Ay) + m(2-")/(2«)(x A y)"/^ 
w/ien |x — y| > m~^/°, 
2 + m(2-")/" (x A y) + (2: A y)"/^ 

when |x — y| < m~^/°. 



Proof. In view of (j5.ip . it suffices to estabhsh the above estimates for m = 1. When m = 1, the 
proof of this theorem is essentially given in [23\ Theorems 2.13 and 3.2]. However there is an error in 
the statement of |231 Theorem 2.13] for the case of a < d = 1, which is the same error as described 
in the proof of Theorem 15.11 above. With this correction, we can get the desired estimates. □ 



Proof of Theorem 11.41 We will just give the proof for the case d > 2. The argument can be 
adapted to give a proof for the case d = 1. To save space, we leave the details to interested readers. 

In the rest of this proof, we assume d > 2. Without loss of generality, we assume M = 1 and 
that Hij^ C D C if_i/4, where Ha := {y = {y,yd) G : yd > cl}- In this proof, the notation 
f ^ g means that there are positive constants ci and C2 depending only on D and a so that 
Cig{x) < f{x) < C2g{x) in the common domain of definition for / and g. 
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If is a general C^'^ open set by (4.3), (4.4), (4.6), (4.7) in [9] and our Theorem ILlT i). we 
have for |a; — ?/| < 3m~^^", 

Now we assume that D is a half-space-hke C^'^ open set in W^. Observe that if 6£){x) > 1, then 
\ 5d{x) < 5d{x) -\< 6h,,A^) < 5d{x) < 5h_,,A^) < 5d(x) + ^ < ^ doix). (5.3) 

(i) First assume that |x — y| > 3m~^/°'. 

If 1 < Suix) < Soiy), by ()5.3p and Theorem I5.H we know that there exists C3 > 1 such that for 
aU m > and d> 2, 

c^'vS''^{x,y)<G^^^^{x,y) < G^^{x,y) < G^_^^Sx,y) < c,V^'^ {x,y). 

In the remainder of this proof, for each x (z D, we define 

xq := {x,Xd + I). (5.4) 

Since |x — y| > 3m~^/", we have \xo — y\ > 2m~^/". 

Now we consider the case 5 nix) < 1. Choose a Qx & D such that 5d{x) = \x — Qx\- Note 
that Xq S B{Qx,2). It is easy to see that one can choose a constant C4 = 04(0) and a bounded 
C^'^ open set U, whose C^'^-characteristics depends on D but is independent of x, such that 
B{Qx, ^)nD C U C B{Qx, ^)nD and {U n {6uiz) > C4}) \ B{Qx, |) is nonempty. Note that 
6uix) = Sd{x). Choose an xi G {U n{6u{z) > C4})\B{Qx, |). By Theorem l2.9l (uniform boundary 
Harnack principle). Theorem 12.81 (uniform Harnack principle) and Theorem 11.31 

G^{x,y) X ^|^^GS(xo,y) X 5u{xr/'G^{xo,y) = Sn{xr/'G^(.xo,y). (5.5) 

If 6d{x) < I < Soiy), then 

4 

Sniy) < 5d{x) + \x - y\ <l + \x - y\ < -\x - y\. 
By (jS.Sp , Theorem 15.11 and (j5.3p , we have for d > 3 

',{xo,y)<SD{xr^'G'S_ 

(1 +^-(2-a)/(2a))(^^_^ (y) +^-(2-a)/(2«)5^_^ (y)a/2)^ 



G^{x,y) X dn{xr^'G^{xo,y) < 5D{xr'^G^_^^^{x,,y) 



5c(a;)°/^m(2-")/° 1 A 



\xo - / |xo - y\ 



d-2 



(2-„)/a f<5^(^)"/2 ^ (>^Z)(x)"/^ + m-(2-")/(2°)j^(x)"/2)(^z)(j/) +m-(2-°)/(2»)^^(^)^/2) ' 
I \x-y\^ 



1 



\x — y\'^ 2 

< ^;2^a)/a /^^ ^ (,5D(x)+m-(^-")/(^°)j^(x)"/^)(,5D(y) + m-(^-")/(^")j^(j/)"/^) \ 1 

~ I \x — y\'^ I \x — y\'^~'^ 

= i^°'"^(x,y), 
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and 

(1 +^-{2-.)/{2a)) (^^^^^^(y) ^^-{2-a)/(2a)5^^^^(y)./2 



m 



(2-a)/o 



(<5z5(x) + m-(2-°)/(2«)5^(x)"/2) (5^(2/) + m-(2-°)/(2«)5^(y)"/2) 1 

\x — |x — y\'^~'^ 

Similarly, when Soix) < 1 < ^^{y) and c? = 2, we get 

+?n-(2-")/{2a)j^(^)a/2)(^^(y) ^,^-(2-a)/(2a)^^(y)a/2)\ 



GS(2;,y) xm(2-")/"ln 1 + 



\x - 



Now we suppose that 6d{x) < Soiy) < 1- In this case we have |rEo — yo\ = \x — y\ > 3m~^/" 
Using (j5.5p . Theorem 12.81 (uniform Harnack principle), Theorem 12.81 (uniform Harnack principle) 
and Theorem 11.31 similar to the argument before (jS.Sp with y instead of x, we get 

GS(x, y) X 6D{xr/^G^{xo, y) x 5D{xr'^5D{yr'^G^{xo, yo). (5.6) 
Thus by (jS.Sp . (j5.6p and Theorem 15.11 we have for d > 3, 

GS(:c,y) X fe(:r)-/25B(y)-/2GS(xo,yo) < fe(^)"/'5z)(y)"/'G^_,/,(xo, yo) 
- ..(x)"/^..(.)°/-n.(^-)/- + ^-''-'''^-') (1 + ^-^--")/^-)) 1 



m 



{5d{x) + m-(2-«)/(2")5z)(x)"/2) {5D{y) + m"(2-")/(2")5^(y)"/2) 1 



V^"'"^(x,y), 



and 



GS(x,y) X 5D{xr/^6D{yr'^G^{xo,yo) > 5D{xr'^5D{yr'^G^^^^{xo,yo) 

ko - yor Fo - yor 

^(2-a)/a {^d{^) + m-(^-")/(^"),5i,(x)"/^) (<5,,(y) + m-(2-")/(2") ^^(y)"/^) 1 

Ix — yp \x — yl'^"^ 

X y"'"^(x,y). 

Similarly, when 5d{x) < ^^(y) < 1, — y| > 3m~^/" and d = 2, we get 
GS(x,y) X m(2-)/"ln fl + (fo(^) + + ^"^''"^/^'"^'^i^l^)"/') ^ , 

^ ' \ k - yp y ' 

(ii) Now assume that |x — y| < 3m~-^/". 
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When t > 1, we have by Theorem 11.11 that 

p'B{t,x,y) = [ p'Bil/2,x,z)pB{t-l,z,w)p'S{l/2,w,y)dz 

JDxD 

X (1 A S,(.)r'Hl A S,(y)r'^- r (1 A ( 1 A ^<"'''''l"--5^'> ' 



dzdw. 



Therefore it follows from Theorem 15.11 
PDit,x,y)dt 



< C5 (1 A SnixT^Hl A SnivT^' f (1 A SnizT^' ( 1 A ^^"^''"'"^^^ 



DxD \ F ~ ^1 

l/al 



dzdw 



1 I 'y 0-1 rf+CK 

DxD \ \Z — X\ 



■Gh^ {z, w)\1A \^_y\d+a ) 



Observe that the following 3G inequality is valid, 



\x-w\'^-" ( 1 1 



\x — z\'^ _ ct \\x — zY^ ^ \z — wV^ ° 



< C6 -TT-r + 



When d > 3, we have by Theorem 15.11 and (|5.8|) that 



DxD 



1 / 1 



DxD 



< C7 / 1 A 1 -7— 1 -1 — 1 A -. -7— dzdw 



^{2-a)/a / 2 



DxD 



1 / 1 



< C7 / 1 A 1 -J— 1 -5 — 1 A -r— dzdw 

DxD V |x-z|'^+°y |z- wl'^-" V |^«-y|'^+'* 

(<^-)/- / ( 1 A , dz f (lA -. ] dw 



+ C8 m^" / 1 A -r— ,^^1 ^ , , 



D 

< cj f I 1 A ^-7—1 1 ( 1 A ^ 3— r— ] dzdw; + cg m^'^"")/" 
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Note that, by (I2TTI) 



DxD 



D \JD 



1 A ^ , , , ) -. 3—1 — ( 1 A -. ^ , ) dzdw 

1 A Kt^] 1 ^-Tw — dz] (1 A 3— r— 1 dt/; 



1 A -. ^ , ) 

< Ci2 / 1 — I 1 A ^ ] dw 

oo r „ 

Cl4 

X - y\' 



< ci3 / / p{t - l,x,w)p{l,w,y)dwdt = cizG{x,y) < — — (5.9) 



Here in the second to the last inequahty of (j5.9p . we used the fact that 

sup [ ( 1 A -. ^1 ■; 71 — dz < sup / I 1 A , ,„ I -. -7 — dz < oo. 

Thus when d > 3, by ^1} and dSTS]) . 

1 A ^#M^y^' ix - 

< G'B{x.y)= / pB{t,x,y)dt+ p'B{t,x,y)dt 



5D{x)6D{y)Y^'' , , (lA<^^(x))-/2(lAfe(y))"/2 



X — y |x — y|' 



|x — / 

Now consider the case d = 2. If 1 < 5d{x) < doiv), by (j5.3p and Theorem I5.H we have 

1 A ^^MMy) \ 1^ _ ^ ^^i2-a)/a ^^^^ ^ A doiv))) 

\x-y\^ ) 
G\i^{x,y) < GB{x,y) < G^_^^^{x,y) 

Thus in the rest of this proof, without loss of generality, we assume that 5d{x) < 5D{y), 5d{x) < 1 
and |x — 2/1 < 3m~^/". Observe that for ZjW £ D, by Theorem 15.11 when |2; — > 3m~^/", 



G^iz,w) < ci7m(2-")/" In 1 + ^ ^ 



a/2 
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Hence by Theorem 15.11 



DxD 



|z-x|2+° / ^1^' M |y;_y|2+a ) 

< I + 11 + III, (5.10) 

where 

by the same argument as that for (j5.9p . 



In I 1 + 

v.(m^/"|u;-y|/C2)\ 



\w - y\ 



while 



/// < Ci9 



DxD \ \z — X 



m'^/°'\z-w\<3} 



ln(l + m'/"{6D{z) A f 1 A '^("^^^"1^ -jl/^^) \ ^^^^^ ^^^^g^ 



As m G (0, 1], (5_D(a;) < 1 and m^^'^\x — y\ < 3, we have m"'^/"fo(x) < 1 and 

?"^/°<5D(y) < mi/"(5D(x) + m^/^lx - y| < 4. 

Thus we have 



II < C20 ?71 



Jd.D [ ] — 1>3} 



(mV"|w- ;/|/C2) \ 



•(ln(l + \x-z\)+ ln(l + |y - w;|)) 1 A — dzdw 

\ iw — I 

< ™<-")'" (.up I (l A ^-1^) ln(l + I. - .1)..) (.up I (l A 

< C2;m."-°'/°< , . (5.14) 
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and 

/// < C24 m 

JdxD ' 

•lnfl+ (l + m^/'^\x - z\] A (l + m^/°'\w - y 



\ \w-y\^+°' I 

- Uo " + 1" - ^"''^) (/. {' " 

< c;amP-°'/°< , °" . (5.15) 

|x — y| 

Therefore by ([521) and (f5T^ - (fET5]) . we have 

p^(t,x,y)dt<C2r ^3^23^^ <C28 lA ^-^.^ \x-y\^-^ - 



This together with (15. 2p yields that 

\ |x — / |2; — " 

Observe that in the case of 6d{x) < ^oiv), 5d{x) < 1 and |x — y| < 3m^^/", we have 

|^_y|a-2 > C295z,(xr/' > C3oln(l + (5z.(x)Afe(y)) 
> C3om(2-")/" ln(l + ?ni/"(5B(2;) A5D(y)). 



We conclude from this that G^{x,y) x V^'"^{x,y). This completes the proof for the case d>2. 

As we mentioned in the beginning of this proof, the above argument can be modified to give 
a proof for the case d = 1. For example, by following the arguments in parts (ii) and (iii) of the 
proof of pi Corollary 1.2], our Theorem II. iT i) gives that for |x — y| < 3m~^/", 



, i6n{x)5D{y)t~'^" A ^^W-^^^^^fa)"^^ when d=l<a, 



I log ( 1 + ':^ly\^'' J when d=l = a 

The remaining details are left to the interested reader. □ 
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